The first and second most symmetric nonsingular cubic surfaces are x 3 + y 3 + z 3 + t 3 = 0 and x 2 y + y 2 z + z 2 t + t 2 x = 0, respectively.
In §1 it will be shown that the Fermat surface S = V (x 3 + y 3 + z 3 + t 3 ) is the unique cubic nonsingular surface, up to projective equivalence, such that Aut(S) is isomorphic to (Z 3 )
3 × s S 4 . In §2 it will be shown that a surface S ′ = V (x 2 t + y 2 z + z 2 t + t 2 x) is the unique cubic nonsingular surface such that Aut(S ′ ) is isomorphic to S 5 .
Z 3 3
× s S 4 -invariant nonsingular cubic surfaces
Let ω ∈ k * be of order three. = x i1 = 0 for all i ∈ [2, 4] (resp. x 1i = x i1 = x 2j = x j2 = 0 for all i ∈ [2, 4] and all j ∈ [3, 4] ). Consequently a subgroup of P GL 4 (k) isomorphic to (Z 3 )
2 is conjugate to (A), (B) , where ord(A) = ord(B) = 3 and (B j ) ∈ (A) if and only if j ∈ 3Z. We may
, then we may assume that B is equal to one of S − {A}, where
, there exist integers i and j such that (
}| is two or three, we may assume B is equal to one of T − {A} or S, where
Thus a subgroup of P GL 4 (k) isomorphic to (Z 3 ) 2 is conjugate to one of
Even though the following lemma may be known, we shall give a proof for the sake of completeness.
2 , we may assume one of the following three cases: 
. Assume the case 3). If m = 2, then we may assume C is one of T − {A, B}, hence G = G 27 . If m = 3, then we may assume C is
The canonical group representationˆ: S 4 → GL 4 (k) of S 4 is the one such thatσx = y with y i = x σ −1 (i) for any column vector x ∈ k 4 . Clearly this representation is an isomorphism. Let r ≥ 2 be an integer, δ ∈ k * be of order r,
We may skip the proof of the following lemma [6] .
Lemma 2.2. If r ≥ 3, then the projective automorphism group of the surface V (
Lemma 2.3. Any (Z 3 ) 3 -invariant nonsingular cubic surface is projectively equivalent to
, and its automorphism group is conjugate to (D(3)) × s S 4 .
Proof. By Lemma 1.1 it suffices to show that any G 27 -invariant nonsingular cubic surface is V (ax
, where a, b, c and d are nonzero constants. Let V (f ) be a G 27 -invariant nonsingular cubic surface, where the homogeneous polynomial f (x, y, z, t) of degree three has the form
It is evident that ord( 
is nonsingular if and only if a 1 a 2 a 3 a 4 = 0.
S 5 -invariant nonsingular cubic surfaces
A subgroup of P GL 4 (k) isomorphic to the symmetric group S 5 is one of three groups C 5! I, C 5! II, C 5! III up to conjugacy [3] . We denote these groups by G(1), G(2) and G(3), respectively. There exist group isomorphisms ϕ i : . Then G(1) = (E 1 ), (E 2 ), (E 3 ), (F ) , where 
Moreover, Aut(V (f )) = G(1).
F . Assume that V (f ) is a G(1)-invariant nonsingular cubic surface, where f (x, y, z, t) is a cubic homogeneous polynomial of the form as in the proof of Lemma 1.3. Since E 
The general [a 1 , a 2 , b 1 , b 2 ] satisfying the second condition above is λ[3 √ 15, 10, 0, −3 √ 15], for the rank of the above matrix is equal to three. Consequently we may assume f (x, y, z, t) = 3 = f holds, as desired. We can show that V (f ) is nonsingular.
, β = α 2 , γ = −α, and let
Lemma 3.2. (H) and (I) generate in P GL
. Therefore (12345) and (12) generate S 5 . Clearly (123)(34)(45) = (12345). In view of the group isomorphism ϕ 1 : S 5 → G(1), ϕ 1 ((12345)) = (E 1 F E 2 F E 3 ) and ϕ 1 ((12)) = (F ). Let 
If λ is an eigenvalue of T −1 KT and x ∈ k 4 satisfies (T −1 KT − λE 4 )x = 0, then ′ . By computation we get the components of (3ε 3 + 6ε 2 + 4ε + 2)S ′−1 F T S' as follows.
Moreover, since (2ε
We have shown that S ′−1 KS ′ = H and (S ′−1 F S ′ ) = (I). Finally we shall show that a cubic homogeneous polynomial f (x, y, z, t) of the form as in the proof of Lemma 1. Since b ′ = 0 and the rank of the matrix involved is equal to three, it follows that b 1 = b 2 = b 3 = b 4 = 0. Now let f = x 2 y +y 2 z +z 2 t+t 2 x. In order to see f I −1 = 5(4α+3)f , we note that denoting (x + αy + βz + γt)
2 (x + αx + βy + γz + t) by g(x, y, z, t), we have f I −1 (x, y, z, t) = g(x, y, z, t) + g(t, x, y, z) + g(z, t, x, y) + g(y, z, t, x).
The group G(2) is generated by (E 1 ), (E 2 ), (E 3 ) and (F ), where 
